PACS. 47.20−k -Hydrodynamic stability. PACS. 83.50Eb -Weissenberg effect.
Elastic phenomena in flows of polymer solutions have lately been attracting increasing attention of physicists [1] . One of the reasons for this growth of interest is the discovery of "purely elastic" flow instabilities [2] [3] [4] . It has been found that elastic stresses that depend on flow velocity in a non-linear way can destabilize a polymer solution flow. So, dramatic flow transitions can occur even at vanishingly small Reynolds number, Re, when inertial effects are negligible. The investigation of the purely elastic instabilities and patterns above the instability threshold is interesting not only because it opens a new class of pattern forming systems. In the absence of inertial forces, it also presents the simplest situation, where non-linear elastic behavior of polymeric liquids in complex three-dimensional flows can be studied. Understanding of general laws of this behavior is an issue of major importance for approaching the problem of turbulent drag reduction by polymer additives [5] . It is one of the long-standing problems in fluid mechanics that is hard to attack directly, since inertial and elastic non-linearities are both essential there.
The purpose of the experiments reported in this letter was to explore the general similarity features in a polymer solution flow in the purely elastic regime, and to find out how the ratio of elastic-to-inertial effects depends on the properties of the polymer solution. In order to do that, flow transitions in a Couette-Taylor (CT) system were studied. A CT system is a simple arrangement of two coaxial cylinders with a working fluid in the annular gap between them. If the fluid is Newtonian and the rotation velocity, Ω, of the inner cylinder is gradually increased, at some critical Reynolds number, Re c , the basic purely azimuthal Couette flow becomes unstable. (The outer cylinder is stationary in our system.) As a result of the instability, a stationary axisymmetric pattern of the Taylor vortex flow (TVF) arises [6] . This Taylor instability is driven by centrifugal force, so it is inertial in its nature.
The behavior of viscoelastic polymer solutions in the CT geometry can be quite different from that of usual Newtonian fluids. This is mainly because of negative normal stress difference, N 1 = τ θθ − τ rr (r, θ and z are cylindrical coordinates), that is generated in polymer solutions in Couette flow [5, 3] . The stress difference grows with the shear rate,γ rθ , and since the CT geometry is curvilinear, it produces a volume force, N 1 /r, acting inwards in the radial direction that is sometimes called "hoop stress". In highly elastic polymer solutions this hoop stress can be much stronger than the centrifugal force, and then the well-known phenomenon of "rod-climbing" (Weissenberg effect) [5] is observed. It is natural to suppose that a large hoop stress can make the Couette flow unstable. Such instability would be purely elastic in the sense that the fluid inertia would be of no importance there.
Observation of a purely elastic instability in CT flow was first reported by Larson, Muller and Shaqfeh [2] , who also proposed a criterion of instability driven by the hoop stress [7] . The calculations in [7] were based on the Oldroyd-B model [5, 3] , which is a reasonably good description of dilute solutions of polymers in viscous Newtonian solvents (Boger fluids [8] ) used by the authors. In the Oldroyd-B model, the stress tensor is given by τ = τ s + τ p . The contribution τ s = −η sγ , whereγ is the rate-of-strain tensor, is due to Newtonian viscosity of the solvent, η s . The polymer part of the stress is given by τ p + λτ p (1) = −η pγ , where λ is the polymer relaxation time and τ p (1) is a convected time derivative of τ p [5, 3] . In stationary plane shear flow, v x =γ xy y, the polymer shear stress is τ p xy = −η pγxy . Thus, an apparent solution viscosity, η = η p + η s , can be introduced such that τ xy = −ηγ xy .
The normal stress difference in CT flow, which is a non-linear effect, is given by the Oldroyd-B model as
2 . In a CT system with a small gap size, d R 1 , where R 1 is the inner cylinder radius, the shear rateγ rθ is almost constant across the gap and equal to ΩR 1 /d. The product λγ rθ is called the Deborah number, De. Since De = N 1 /(2τ p rθ ), it defines the ratio between non-linear and dissipative terms in the Oldroyd-B model that is quite analogous to the role of Reynolds number in the Navier-Stokes equation. At fixed gap ratio, d/R 1 , and polymer contribution to viscosity, η p /η, the elastic instability is predicted to occur when De is raised above a certain threshold which is independent of λ [7] .
A parameter that reflects the relative importance of elastic and inertial effects is the ratio between the Deborah number and the Reynolds number, κ = De/Re, where Re = ΩR 1 dρ/η and ρ is the fluid density. This parameter has another straightforward interpretation. It is the ratio, κ = λ/t vd , between λ and the viscous diffusion time, t vd = d 2 ρ/η. In this letter we report the following main results. I) We have varied the solution elasticity, κ, by three orders of magnitude and have obtained a diagram of flow states in a very broad range of κ and De. It is shown how flow instability gradually changes its nature from the usual inertial to purely elastic as the elasticity is increased. II) For the first time, it is experimentally confirmed that at high elasticity, flow transitions occur at constant Deborah number. III) Investigation of the flow transitions in the purely elastic regime allowed us to introduce a concept of viscoelastic similarity.
In dilute polymer solutions, λ and η p are both proportional to η s so that κ ∼ η 2 s . Therefore, by varying η s we can investigate both the dependence of the flow stability on λ in the purely elastic regime and explore regions of different κ, with various ratios of the fluid elasticity to inertia. We realized this idea experimentally by using Newtonian solvents of different viscosity and by changing the temperature in the CT column. Two solutions of the same polymer (polyacrylamide, PAAm, M w = (5-6) × 10 6 [9] ) with a concentration of 300 ppm were prepared. The Newtonian solvents were 63% and 53% saccharose in water for the first and the second polymer solution, respectively. Viscosities and relaxation times of the solutions were measured with the aid of HAAKE 100 viscometric system [9] . The experiments on CT flow were conducted in a temperaturecontrolled CT column with R 1 = 34 mm, d = 7 mm, and length L = 516 mm. The temperature was varied in steps of 2.5
• C from 37.5 to 5
• C for the first solution and from 40 to 10
• C for the second solution. In the explored temperature regions the ratio η p /η was constant up to a few percent at 0.45 for both solutions, while η s changed from 0.35 to 2.9 P and from 0.097 to 0.38 P for the first and the second solution, respectively. The polymer relaxation time λ approximately followed the relation λ ∼ η s /T 2 , where T is the absolute temperature. In the studied temperature regions λ changed from 0.28 to 3.1 s for the first solution and from 0.085 to 0.41 s for the second solution, the overall variation of κ being from 0.025 to 27. The CT flow was visualized by adding to the working fluid a small amount of light reflecting flakes (0.6% of Kalliroscope liquid). For local velocity measurements, the laser Doppler velocimetry (LDV) technique was used.
The diagram of states of the CT flow is presented in fig. 1 in coordinates κ and De. (One can see a good match between the flow states of the two solutions in the region of overlapping, κ = 0.3-0.5.) When the elasticity, κ, is large, Re becomes completely irrelevant and all flow transitions occur at constant De. This is in complete agreement withthe above theoretical prediction for the purely elastic instability. The sequence of flow states in the CT system at large κ is illustrated by the space-time diagram in fig. 2 . If Ω is increased above a certain threshold, the basic Couette flow becomes unstable and a pattern of strong chaotic oscillatory vortex motion, that we call disordered oscillations (DO) [9, 10] , develops in the system. When κ is high, the critical Deborah number, De c , at this transition asymptotically approaches De fig. 2) , the transition from the Couette flow to DO occurs almost simultaneously over the whole CT column, and an ordered pattern of transient neutral linear oscillations, NLO [9] , is observed. The transition to DO is strongly hysteretic [10] , in good agreement with the recent theoretical prediction for the purely elastic instability [11] . When De is subsequently lowered, the flow patterns that appear include oscillatory strips (see fig. 2 after decreasing De to 0.55 De c ) and stationary The vicinity of this co-dimension-two point was described in more detail previously [9] . At larger De (and Re), TVF becomes unstable and gives way to a pattern of standing waves with m = 1 (rotating standing waves, RSW [9] ). At even higher De, these RSW are changed by DO. At the leftmost point in fig. 1 , at κ = 0.025, RSW and DO cease to appear. TVF gives way to the wavy mode [6] (at De/De ∞ c ≈ 0.14 and Re/Re c ≈ 1.5) characteristic for the inertial instability, so that the elastic effects are hardly noticeable. The transition from the Couette flow to TVF occurs at constant Re, almost independently of κ, so that TVF always remains an inertial mode. The reduction from Re c to 0.8 Re c can be partially due to shear thinning of the solution viscosity (the shear thinning of η was about 10% at the TVF threshold).
Just as TVF is a characteristic mode of the inertial instability, the diwhirls seem to be characteristic of the elastic instability. Indeed, the diwhirls decay at almost constant De over the whole region of their appearance, λ = 0.30-3.1 s, while Re at the decay point varies from 0.004 Re c to 0.5 Re c . As was previously shown [10] , a diwhirl is a pair of vortices with intense inflow concentrated in a narrow region in the middle (dark lines in fig. 2 ) and slow outflow at the edges. The velocity profiles of the diwhirls turned out to be quite universal. This can be discerned from fig. 3a) where distributions of v r along the z-axis at three different values of λ were plotted on the same axes by dividing by the root mean squares of the distributions,v r . Figure 3b) shows the dependence of v r on r in the middle of a diwhirl, also at three different λ, that were plotted on the same axes by dividing by the maximal radial velocity, v r,max . The dependence of v r,max on κ measured at De just above the diwhirl decay, is shown in the inset in fig. 1 . One can see that at large κ the dimensionless variable v r,max λ/d asymptotically approaches a constant value of about 0.5.
The above observations allow us to draw an analogy between the inertial Taylor instability leading to TVF and the elastic instability resulting in the diwhirls. If the flow geometry is preserved so that d/R 1 = const, the threshold of the Taylor instability is determined by the Reynolds number, Re = ΩR 1 dρ/η = t vdγrθ . Above the instability threshold, the TVF velocity profile depends only on Re/Re c , and the characteristic velocity, v r , of TVF at constant Re is proportional to d/t vd . Both these results are due to hydrodynamic similarity that follows from the Navier-Stokes equation. The properties of the diwhirls become very similar to those of TVF, if we change t vd into λ. Indeed, when d/R 1 and η p /η are fixed, the diwhirls decay at constant De = λγ rθ and the characteristic v r at the diwhirl decay (at constant De) is proportional to d/λ. We note here that d/v r defines the time of motion of a fluid element in the secondary flow (and, so, a time of variation of stress along the fluid trajectory), and v r /d is the characteristic rate of strain in it. Thus, λ sets a universal time scale for the diwhirls just as t vd sets it for TVF. Therefore, for the elastic instability we can speak about viscoelastic similarity, where De and λ play the same roles as Re and t vd play in the usual hydrodynamic similarity.
In contrast to the diwhirls, the part of elastic and inertial forces in driving DO can vary quite significantly. Indeed, at κ = 26 the transition to DO occurs at De ∞ c and 0.01 Re c , while at κ = 0.03 it occurs at 0.14 De ∞ c and 1.2 Re c . The properties of DO change with κ [9] , but this pattern is hard to study because of its chaotic nature. Therefore, we concentrated on ordered transient NLO ( fig. 2 ) that appear as non-axisymmetric traveling or standing waves with azimuthal wave number m = 1 and merge with stable RSW at low κ [9] . (This spatial structure agrees well with recent theoretical predictions [12, 11] .) The dependence of the oscillation period, T osc = 2π/ω, and the axial wave number, k, in NLO on κ is shown in fig. 4 . The wave number, k, becomes constant in the limit of large κ. At small κ the wave number is close to 3.15. This is actually the value of k predicted for a purely inertial non-axisymmetric mode in a Newtonian fluid at the same gap ratio, d/R 1 , as in our system [13, 9] . This mode has never been observed, though, since its critical Reynolds number is higher than Re c of axisymmetric TVF. The wave number increase with κ in the crossover region is evidence of changes in the NLO structure there.
At small κ, where inertial effects dominate, T osc is proportional to t vd , and T osc /t vd asymptotically approaches a constant value of about 1, while T osc /λ goes to infinity. In the opposite limit of large κ, where the instability is purely elastic, T osc /λ becomes a constant, while T osc /t vd goes to infinity. The ratio T osc /T rot ≡ Ω/ω is constant in both limits. This result is obviously connected to the fact that t vd Ω and λΩ become constant in the inertial and the elastic limit, respectively (since Re ∼ t vd Ω and De ∼ λΩ). We should note here that for a non-axisymmetric mode, the frequency of oscillations, ω L , in the reference frame of moving fluid (Lagrangian coordinates) depends on radial position, ω L ∼ = ω − mΩ(R 2 − r)/d. This frequency also becomes constant at each r in both the inertial and the elastic limits, when measured in units of t vd and λ, respectively. So, the properties of NLO provide a good illustration of the ideas of both hydrodynamic and viscoelastic similarity.
The next step in developing the concept of viscoelastic similarity should be its application to more complex flows. In particular, it was proposed [14] that the efficiency of drag reduction is defined by the Deborah number at the dissipation scale. This suggestion certainly deserves experimental verification. Chaotic spectra of DO [9] show that non-linear elastic effects can lead to spatial-temporal chaos. Therefore, drawing a further analogy between inertial and elastic instabilities, we can suggest that at high enough De elasticity driven turbulence can develop. ***
